Abstract: It has recently been conjectured that the elliptic genus of K3 can be written in terms of dimensions of Mathieu group M 24 representations. Some further evidence for this idea was subsequently found by studying the twining genera that are obtained from the elliptic genus upon replacing dimensions of Mathieu group representations by their characters. In this paper we find explicit formulae for all (remaining) twining genera by making an educated guess for their general modular properties. This allows us to identify the decomposition of all expansion coefficients in terms of dimensions of M 24 -representations. For the first 500 coefficients we verify that the multiplicities with which these representations appear are indeed all non-negative integers. This represents very compelling evidence in favour of the conjecture.
Introduction
A few months ago Eguchi, Ooguri and Tachikawa [1] observed that the elliptic genus of K3 seems to involve representations of the largest of the Mathieu groups, M 24 . More specifically, they studied the expansion of the elliptic genus of K3 in terms of elliptic genera of N = 4 superconformal representations following [2] , and noted that the expansion coefficients can be written in terms of dimensions of representations of M 24 . This intriguing observation is very reminiscent of a similar phenomenon usually referred to as 'Monstrous Moonshine', namely that the famous J-function has an expansion in terms of characters of the Virasoro algebra whose coefficients are dimensions of Monster group representations, as was first noted by McKay and Thompson. In the context of Monstrous Moonshine, this observation was eventually explained by the construction of the so-called Monster conformal field theory V ♮ [3] , a self-dual conformal field theory at c = 24 whose space of states is of the form
where each V n is a representation of the Monster group, while H Vir h denotes the irreducible Virasoro representation with conformal weight h and c = 24. The J-function is then the partition function of V ♮ , and its Fourier coefficients are therefore sums of dimensions of irreducible Monster group representations. Furthermore, the automorphism group of V ♮ is the Monster group.
One key observation that provided convincing evidence for (1.1) came from considering the so-called McKay-Thompson series [4] . These are obtained from the J-function upon replacing the expansion coefficients A n = dim(V n ) by their corresponding characters, Tr Vn (g), where g is an element of the Monster group. 1 It was shown by Conway & Norton [5] that these McKay-Thompson series have nice modular properties under congruence subgroups of SL (2, Z) . This is what one expects if they arise indeed from (1.1) since they are then equal to the 'twining character', i.e. the character with the insertion of the group element g, which has good modular properties based on standard orbifold arguments. For a review of these and other aspects of Monstrous Moonshine see e.g. [6] .
By analogy to (1.1) the observation of [1] suggests that the states that contribute to the elliptic genus of K3 have the structure 2) where the sum runs over all irreducible N = 4 representations that contribute to the elliptic genus, while each H n is a M 24 representation. In order to test this idea it is then again natural to consider the 'twining genera' φ g (τ, z), where one replaces dim(H n ) by the corresponding character Tr Hn (g), with g ∈ M 24 [7, 8] . Unfortunately, the dimensions of the irreducible representations of M 24 are rather small, and the decomposition of the expansion coefficients of the elliptic genus of K3 in terms of dimensions of M 24 representations could only be guessed reliably for the first few coefficients. However, the elliptic genus of K3 is a weak Jacobi form of index one and weight zero [9] , and one expects that the twining genera should have similar properties. More specifically, if g ∈ M 24 has order N , then the corresponding twining genus φ g (τ, z) should transform as a weak Jacobi form of index 1 and weight 0 under the congruence subgroup Γ 0 (N ), possibly up to a multiplier system. In [7, 8] this assumption about the modular properties of the twining genera, together with the explicit knowledge of the first few coefficients, was used in order to determine some of them explicitly. The fact that these two constraints were compatible was already a fairly non-trivial consistency check on the proposal of [1]. Furthermore, for group elements that enjoy an interpretation as an automorphism symmetry of K3 at a suitable point in moduli space, one could calculate the corresponding twining genera directly (see in particular [10] ). In this way some of these formulae could be confirmed independently [7] .
In this paper we shall complete the analysis of [7, 8] by finding explicit formulae for the remaining conjugacy classes. 2 In particular, we shall make a precise proposal for the structure of the multiplier system that appears in the modular transformation formula, see (3.8) and table 1 below. We can then follow again the strategies outlined in [8] and [7] , respectively, to determine the twining genera, using the explicit knowledge of the first few terms. The fact that this procedure is successful is again a fairly non-trivial consistency check of the proposed structure (1.2).
The knowledge of all twining genera also leads to another, highly constraining, consistency check. If (1.2) holds and if, for each g, our explicit formula for φ g really corresponds to the trace over H BPS with the insertion of g, then its coefficients must be equal to Tr Hn (g) for all n. But knowing these traces for all classes g is sufficient to identify unambiguously H n as a (possibly reducible) representation of M 24 . Thus assuming that (1.2) holds, we can deduce the decomposition of H n into irreducible M 24 representations for all n. We have calculated the multiplicities explicitly up to order 500 -the results up to order 30 are tabulated in table 4 -and they are all indeed non-negative integers. The fact that this decomposition works out, i.e. that each H n can be written as a direct sum of irreducible representations (with integer multiplicities) is then a highly non-trivial check of (1.2); in fact, we would in some sense prove the proposal of [1] if we could show that all of these multiplicities are indeed non-negative integers.
The paper is organised as follows. In section 2 we briefly review some of the properties of the elliptic genus of K3, as well as the proposal of [1] . The modular properties of the twining genera are explained in detail in section 3. In particular, by analogy with the situation for the McKay-Thompson series of Monstrous Moonshine, we make a specific proposal for the structure of the multiplier system. This proposal is then subsequently verified in sections 3.1 and 3.2. In section 3.1 we adopt the strategy of [8] and consider the twining genus at specific values of z, finding explicit formulae for all remaining cases. Section 3.2, on the other hand, employs the method of [7] to write the twining genus in terms of a modular form of weight two; this allows us to check some of the modular properties of the twining genera fairly directly, but the analysis is quite complicated and the details are described in appendix B and C. Finally, we explain in section 4 how the knowledge of all twining genera determines the decomposition of the coefficients in terms of M 24 representations, and give the explicit results in table 4. We close with some comments and speculations in section 5.
Elliptic genus and twining characters
The elliptic genus of an N = 2 superconformal algebra is defined by
where q = e 2πiτ , and the trace is taken in the RR sector. For the right-movers (whose modes are denoted by a bar), only the ground states contribute, and hence the above expression is in fact independent ofq. As is well known [9] , the modularity properties of conformal field theory together with spectral flow invariance and unitarity imply that the elliptic genus is a weak Jacobi form of index m = c 6 and weight 0 [11] . A weak Jacobi form φ(τ, z) of weight w and index m ∈ Z is a function φ of (τ, z) ∈ H × C, where H is the upper half-plane. It is characterised by the transformation properties
and has a Fourier expansion
where y = e 2πiz and c(n, ℓ) = (−1) w c(n, −ℓ). For the case of K3 that will concern us primarily in this paper, m = 1 and the elliptic genus equals [12] φ K3 (τ, z) = 2y + 20 + 2y
It can be thought of as the partition function of the N = 2 half-BPS states of type II string theory on K3.
For the case of K3 the conformal field theory is actually N = 4 superconformal, and one can therefore write the elliptic genus in terms of the elliptic genera associated to N = 4 superconformal representations. It was observed in [1], following on from earlier work [2] , that it can be written as 6) where ch
is the elliptic genus of the short N = 4 representation with h = 1 4 and l = 0 -see [13, 14] for an explicit formula -while
is the elliptic genus of a long N = 4 representation. 3 The observation of [1] was that the coefficients A n can be written in terms of dimensions of representations H n of the Mathieu group M 24 , so that
where (see table 3 ). Note that we have absorbed the prefactor 2 in equation (1.11) of [1] into the definition of A n = dim(H n ). Then we can write the H n in terms of real representations, so that, for example, H 1 is the sum of a pair of conjugate representations. The expression for H 7 was given in [7, 8] and differs from what was originally proposed in [1] .
It is natural to conjecture that such a decomposition is the hallmark of a deeper structure underlying the elliptic genus of K3, see (1.2). In order to test this idea, the 'twining elliptic genera', i.e. the analogues of the McKay-Thompson series of Monstrous Moonshine, were considered in [7, 8] . These twining genera are obtained from the elliptic genus upon inserting a group element g ∈ M 24 into the trace
As in [8] , we shall normalise the twining characters so that
is directly equal to the standard weak Jacobi form φ 0,1 (see appendix A). Technically speaking, φ g is simply obtained from (2.8) by replacing the dimensions A n = dim(H n ) by the trace of g over H n , A n (g) = Tr Hn (g), i.e.
The character of g only depends on its conjugacy class, and thus the various traces can be read off from the character table of M 24 , see table 3.
As discussed in more detail in the next section, the twining genera are expected to be Jacobi forms under suitable congruence subgroups of SL(2, Z). This was confirmed for a number of conjugacy classes in [7, 8] . In the next section we shall complete this programme by determining the twining characters for all remaining conjugacy classes. We shall furthermore show that they have the appropriate modular properties.
Modular properties of the twining genera
Using standard conformal field theory arguments, it was argued in [7, 8] that the twining genera φ g should transform as Jacobi forms of index 1 and weight 0, possibly up to a phase, under the congruence subgroup Γ 0 (N ). More specifically, this means that φ g satisfies (2.3) for all ℓ, ℓ ′ ∈ Z, while (2.2) only holds for
where N is the order of g. In [7] , this was explicitly verified for the conjugacy classes 4
1A, 2A, 3A, 4B, 5A, 6A, 7AB, 8A, 11A, 14AB, 15AB, 23AB .
These classes are characterised by the condition φ g (τ, 0) = 0. This is equivalent to the condition that a representative of the class is contained in the subgroup M 23 ⊂ M 24 , where we think of M 24 as a subgroup of S 24 , the permutation group of 24 points, and define M 23 ⊂ M 24 to be the subgroup fixing, say, the first point. All geometric symmetries of K3 at a suitable point in moduli space lie in this subgroup [15, 16] , and thus some of them can be calculated from first principles, see also [10] . For all of them the multiplier system turned out to be trivial [7] . The situation is more difficult for the remaining conjugacy classes 2B, 3B, 4A, 4C, 6B, 10A, 12A, 12B, 21AB ,
since there is no a priori method to determine them. In [8] , explicit formulae were found for the first few of them by combining the constraints from modularity with the knowledge of the first few coefficients. 5 In fact, the analysis of [8] was performed for the NS-sector version of the twining genus, the twining character
evaluated at z = 0. The advantage of this approach is that one can work with standard modular functions (rather than Jacobi forms). The price one has to pay, on the other hand, is that part of the modular invariance is broken, and that multiplier phases are introduced for certain modular transformations. The latter property turned out to be a blessing in disguise since it suggested that multiplier phases may naturally appear in the modular transformations. Indeed, in [8] the twining characters were determined for all elements g up to order o(g) ≤ 6, and it was found that the classes in (3.2) and in (3.3) appear to behave very similarly. This suggests that also the twining genera φ g associated to (3.3) should be invariant under Γ 0 (N ), possibly up to non-trivial phases. The appearance of a multiplier system in the transformation rule for the twining genera is certainly consistent with standard CFT arguments. In fact, this phenomenon also occurs for several McKay-Thompson series (and, more generally, for replicable functions [17] ), which are the analogues of the twining characters in the context of Monstrous Moonshine [5] . Recall that each McKay-Thompson series T g is associated with a certain discrete group 5) where N is the order of the Monster class g, and h is some integer such that h| gcd(N, 24). This group (sometimes with the inclusion of some Atkin-Lehner involutions of Γ 0 (N ), see [5] ) is the (restricted) eigengroup of T g , i.e. the group under which T g is invariant up to h-th roots of unity. In particular, T g is invariant (without any phases) under it transforms as
The two cosets in (3.6) generate Γ 0 (N |h), so that (3.7) uniquely determines the multiplier system under Γ 0 (N |h).
It is then natural to expect that analogous properties hold for the twining genera of M 24 . The most obvious generalisation would be to require the twining genus φ g , with g ∈ M 24 and o(g) = N , to be a Jacobi form (with a suitable multiplier system) of weight 0 and index 1 under Γ 0 (N |h), for some h| gcd(N, 24). However, there is one immediate problem with this proposal: for h > 1, Γ 0 (N |h) is not contained in SL(2, Z), and it is not clear how to define the action of the whole Γ 0 (N |h) on Jacobi forms. 6 Thus we can only analyse the modular properties under the subgroup Γ 0 (N |h) ∩ SL(2, Z) ∼ = Γ 0 (N ). This then leads to the following conjecture:
Conjecture. For all the conjugacy classes g of M 24 , the twining character φ g (τ, z) is a Jacobi form of index one and weight zero under Γ 0 (N ), with a multiplier system defined by 7 8) where N is the order of g and h| gcd(N, 12). The multiplier system is trivial (h = 1) if and only if g contains a representative in
For the classes in (3.2) that have representatives in M 23 the conjecture has been shown in [7] . In the next subsections, we will show that the conjecture is also true for the remaining classes, i.e. the elements in (3.3), with the values of h as given in table 1.
Class 2B 3B 4A 4C 6B 10A 12A 12B 21AB h 2 3 2 4 6 2 2 12 3 Because of these non-trivial multiplier systems, the analysis is quite difficult, and we have applied two different strategies. First we have refined the method of [8] by considering the twining genus φ g (τ, z) as a function of τ at special values of z. These values are chosen in such a way that the z-dependent exponential factor in the transformation formula (3.8) cancels (part of) the h-th root of unity. If the phase is completely removed (as is the case for all but two classes), the resulting function is a modular function for Γ 0 (N ), which can be easily analysed. Using this approach (as well as some guess work for the other two cases) we have succeeded in finding closed formulae for all the characters with h > 1, see section 3.1.
The other strategy follows the idea advocated in [7] and consists of expanding the twining genus in terms of standard weak Jacobi forms. This reduces the problem to finding a suitable modular form of weight two. This problem can be studied systematically, but usually leads to more complicated computations. In section 3.2 we shall explain the salient features of this analysis, while the explicit formulae for all characters are given in appendix C.
Characters evaluated at fixed values of z
Let φ(τ, z) be a weak Jacobi form of weight 0 and index 1, transforming as in (3.8) , for some N and h with h| gcd(N, 12). Then, for any k ∈ Z, we have
where we have used (2.3) in the second line. (Note that c ∈ N Z, and hence 10) where (Z/hZ) * is the set of totatives of h, i.e. the positive integers smaller than h that are relatively prime to h, and the Euler totient function ϕ(h) is the number of all such totatives. This definition simplifies considerably in concrete examples 12) because φ(τ, z) = φ(τ, −z) for Jacobi forms of even weight. It is easy to verify that, for all h|12, the condition gcd(k, h) = 1 implies k 2 ≡ 1 mod h. Furthermore, for ( a b c d ) ∈ Γ 0 (N ), the condition ad − bc = 1 implies gcd(d, h) = 1, so that the map k → kd is bijective on (Z/hZ) * . Thus we conclude 13) and it follows immediately that Φ (h) (τ ) is invariant under Γ 0 (N h). Since h divides N , the cosets of Γ 0 (N )/Γ 0 (N h) are generated by 1 0 N 1 , and the phase in (3.13) cancels under this transformation if and only if
Thus Φ (h) is actually invariant under Γ 0 (N ) if (3.14) holds. In this case, it is easy to obtain a closed formula for Φ (h)
g . In fact, with the exception of N = 21, all the groups Γ 0 (N ) we are interested in are genus zero 8 , so that all modular functions must be rational functions of the corresponding Hauptmodul.
As it turns out the condition (3.14) is satisfied for all classes in (3.3), with the exception of 4A and 12A for which h = 2 and hence N/h ≡ 0 mod h. In all other cases we found a modular function for Γ 0 (N ) which matches the first few coefficients in the q-expansion that can be determined from (2.9) and (2. 
Since φ g (τ, z) is a Jacobi form of index one, we have 16) so that (3.15) immediately gives a formula for the corresponding character at generic z
where we also used the fact that, for all g in (3.3),
8 Genus zero here means that the Riemann surface obtained by quotienting the upper half-plane H by Γ0(N ) has the topology of the sphere.
The remaining two cases, 4A and 12A, are not invariant under Γ 0 (N ), and thus require more work. For 4A a closed formula was already found in [7, 8] φ 4A (τ, 19) and it is easy to verify that the corresponding φ 4A (τ, z) transforms as in (3.8) under Γ 0 (4) with h = 2. We have also managed to find a closed formula for the NS-character χ g of 12A at z = χ 12A (τ,
from which the function φ 12A (τ, z) can be reconstructed. However, it is easier to analyse the modular properties of φ 12A (τ, z) using the methods described in the next subsection.
Studying the modular forms of weight two
Every weak Jacobi form of index 1 can be written as a linear combination of the standard Jacobi forms φ 0,1 and φ −2,1 of weight 0 and −2, respectively (see appendix A), where the coefficients lie in the space of modular forms under the relevant subgroup of SL(2, Z) [11] . In particular,
where B g is the constant
while F g is a suitable modular form of weight two. If g is in (3.2), the phases in (3.8) are trivial, and F g ∈ M 2 (Γ 0 (N )), where M k (Γ) denotes the space of modular form of weight k under the group Γ. In [7] , it has been shown that, for all g in (3.2), there is a unique F g ∈ M 2 (Γ 0 (N )) matching the known coefficients of the q-expansion of φ g (see also appendix C). If g is one of the classes in (3.3), then B g = 0 and the conjecture (3.8) would imply that F g transforms as 23) where N is the order of g and h| gcd(N, 12). In particular, this means that
Conversely, if these conditions hold, then F g transforms as a modular form of weight 2 under Γ 0 (N ) up to a certain h-th root of unity e 2πircd Nh , for some r ∈ Z. For all g in (3.3), we have found modular forms F g ∈ M 2 (Γ 0 (N h)) for the above values of h that reproduce the first few coefficients of q as determined from (2.9) and (2.10), and satisfy F h g ∈ M 2h (Γ 0 (N )). The explicit expressions for F g (and F h g ) in terms of suitable bases of M 2 (Γ 0 (N h)) (and M 2h (Γ 0 (N ))) are quite complicated, and are therefore only given in appendix C.
It remains to prove that the h-th root of unity e 2πircd Nh in the modular transformation of F g is the same as in (3.8) , i.e. that r = 1. We are mainly interested in the class 12A because the other cases have already been dealt with in the previous subsection. For 12A we have found h = 2, and since the phase is non-trivial (as can be easily checked), the only possibility is r = 1. This completes our analysis.
Decomposition into irreducible representations
In the previous sections, we provided explicit expressions for all twining genera, matching the first few coefficients in (2.12) and transforming as in (3.8) . The knowledge of all such characters also leads to another very stringent consistency check of the proposal. It allows us to check whether there are indeed underlying M 24 representations H n such that A n (g) = Tr Hn (g), where A n (g) is the coefficient replacing A n in φ g , see (2.12) .
In order to understand how this works, let us assume that A n (g) = Tr Hn (g), where H n is a M 24 representation which we decompose as 
where we have used (2.7). Next we recall that the characters of a finite group satisfy the orthonormality relations
where R and R ′ are two irreducible representations of M 24 . Here the sum runs over all conjugacy classes of M 24 , and c(g) −1 is the order of the centraliser of g
the order of M 24 and n(g) the number of elements in the conjugacy class of g. Using (4.3) we now obtain from (4.2)
(τ, z) , (4.5) where i = 1, . . . , 26. In deriving (4.5) we have used that H 00 = R 1 ⊕ R 2 = 1 ⊕ 23 and H 0 = 2 · R 1 = 2 · 1. For i > 2, (4.5) simplifies, and we obtain
where we used (3.21), as well as (3.22) and (4.3) again. Furthermore, we have plugged in the explicit expression for φ −2,1 from (A.7).
The character values Tr R i (g) are given in table 3, and the explicit values of c(g) are tabulated in table 2. The analysis of the previous sections provide closed formulae for the twining characters φ g (τ, z) for all conjugacy classes g in M 24 , so that the right hand side of (4.5) can be easily evaluated. Thus we can determine the multiplicities h n,i explicitly. The statement that there are underlying M 24 representations H n is now simply equivalent to the property of the multiplicities h n,i to be non-negative integers. We have worked out these multiplicities for n ≤ 500, and all of them are indeed non-negative integers; the explicit values for n ≤ 30 are listed in table 4 .
Since all the characters we have constructed have real coefficients, the multiplicities of conjugate representations are always equal, so that all H n are real representations, as expected. It is also remarkable that the multiplicities of the real irreducible representations in (4.1) are always even, at least, up to n = 500 (see also [7] ). This suggests that the actual symmetry group may be slightly bigger than the Mathieu group M 24 .
Conclusions
In this paper we have accumulated compelling evidence for the conjecture of Eguchi, Ooguri and Tachikawa [1] that the states contributing to the elliptic genus of K3 carry an action of the Mathieu group M 24 . More specifically, we have found closed form expressions for the twining genera of K3 for all conjugacy classes of M 24 , thus completing the programme initiated in [7, 8] . We have shown that the twining genera transform indeed as Jacobi forms of index one and weight zero under Γ 0 (N ), where N is the order of the corresponding group element. The twining genera of the conjugacy classes that have no representative contained in M 23 ⊂ M 24 have a non-trivial multiplier system, which we have identified, see eq. (3.8).
The explicit knowledge of all twining genera allows one to determine the decomposition of the elliptic genus of K3 in terms of M 24 representations, and we have checked that the multiplicities with which these representations appear are indeed non-negative integers, at least for the first 500 coefficients -see also table 4 for explicit results for n ≤ 30. This is a highly non-trivial consistency check; indeed, if we were able to show that all of these multiplicities are non-negative integers, this would effectively prove the conjecture of [1].
Another, more conceptual, proof of the conjecture would consist of constructing explicitly the action of M 24 on the BPS states contributing to the elliptic genus of K3. For some generators in M 23 ⊂ M 24 this can be done fairly directly since they describe geometric automorphisms of the K3 surface [15, 16] , see also [18] for some recent progress in this direction. However, it seems unlikely that these purely geometrical symmetries will suffice to account for the full M 24 symmetry of the elliptic genus. In fact, one may guess that one will need to consider the full moduli space of the non-linear sigma model in order to achieve this. Thus at least some of the required symmetries may have an interpretation in terms of truly stringy symmetries, such as e.g. T-duality. It would be very interesting to explore these ideas in more detail [19] .
On a more technical note, it is amusing to note (see also [8] ) that, in contrast to the McKay-Thompson series in Monstrous Moonshine [5] , not all twining genera seem to be Hauptmoduls for genus zero congruence subgroups (although many are). For example, the twining character 21AB, for which the relevant modular group, Γ 0 (21), is not genus 0. This fact is also reflected in equation (3.15) where we have given the explicit expression of Φ 1A 8  14  22  26  24  40  12 0 2  2  4  12  30  0  8  8  4  2  6  4  12  12  18  26  40  40  38  80  13 0 0  4  2  26  44  2  14  14  18  2  10  6  16  30  28  44  70  84  80  136  14 0 0  4  6  38  86  0  24  24  22  8  16  14  34  46  58  80  128  132  126  254  15 0 0 12  8  78  144  2  40  44  46  8  38  18  46  86  88  138  218  246  238  424  16 0 2 18 22 122  252  2  72  72  68  18  50  36  100 140 170  232  378  400  382  742  17 0 2 30 26 212  410  8  116 124 130  25  94  54  140 246 262  392  630  704  670 Table 4 : Multiplicities h n,i in the decomposition of the representations H n = ⊕ 26 i=1 h n,i R i , for n ≤ 30. The representations R i are numbered as in table 3, in the second row the dimension is given. Pairs of conjugate representations are listed together, because they always appear with the same multiplicities.
A. Definitions
Our conventions for the Dedekind eta and the Jacobi theta functions are
Under modular transformations the ϑ and η functions transform as
as well as
The theta constants ϑ a (τ ) are defined as ϑ a (τ ) ≡ ϑ a (τ, z = 0). The standard weak Jacobi forms φ 0,1 and φ −2,1 of index 1 and weight 0 and 2 can be defined as [11] φ 0,1 (τ, z) = 4
For completeness we give here the first few terms of the McKay-Thompson series that appear in our analysis 12) see [17, 20] for more information about these series.
B. Modular forms for Γ 0 (N)
In this section, we will describe a basis of the space M k (Γ 0 (N )) of modular forms of weight k under Γ 0 (N ). Our main references for this section are [21, 22] . The space M k (Γ 0 (N )) of modular forms of weight k splits into a direct sum
where S k (Γ 0 (N )) is the space of cusp forms, i.e. forms they vanish at all the cusps 9 of H/Γ 0 (N ). The space E k (Γ 0 (N )) is defined as the unique subspace satisfying (B.1) that is invariant under the action of all Hecke operators [22] .
A convenient basis for E k (Γ 0 (N )) is given by (generalised) Eisenstein series [23] . Let
be the standard Eisenstein series of weight k, where B k are the Bernoulli numbers. For k > 2, k even, E k is a modular form of weight k under SL(2, Z), whereas
3)
The definition of the Eisenstein series can be generalised to include modular forms under Γ 0 (N ). In particular, 10
is a modular form of weight 2 under Γ 0 (N ). The (generalised) Eisenstein series
where k is even and χ m is a non-trivial Dirichlet character of modulus m, is a modular form of weight k under Γ 0 (m 2 ). The only cases we need are 9 The cusps correspond to Γ0(N )-orbits in Q ∪ {∞}, with Γ0(N ) acting by fractional linear transformations. 10 The Eisenstein series ψ (N) are related to the modular forms φ (N) in [7] by ψ (N) = N−1 24 φ (N) (τ ).
In general, the space S k (Γ 0 (N )) is not generated by Eisenstein series. It is obvious that if M |N , then M k (Γ 0 (M )) ⊂ M k (Γ 0 (N )). More generally, it is easy to see that if f ∈ M k (Γ 0 (M )), then, for any divisor n of N/M , f (nτ ) ∈ Γ 0 (N ). For all M |N and n|(N/M ), we define the map N )) (B.8)
The map α n sends cusp forms to cusp forms and the union of the images α n (S k (Γ 0 (N/n))) ⊆ S k (Γ 0 (N )), for all n|N , n > 1, is called the old subspace of cusp forms. The complement of the old subspace which is invariant under all Hecke operators is called the new subspace. Thus, we have a decomposition in (3.2) for which h = 1, the relevant formulae are [7] F 2A (τ ) = 16ψ (2) (τ )
F 4B (τ ) = −4ψ (2) (τ ) + 8ψ (4) (τ ) F 5A (τ ) = 5ψ (5) (τ ) (C.1) F 6A (τ ) = −2ψ (2) (τ ) − 3ψ (3) (τ ) + 6ψ (6) (τ )
F 8A (τ ) = −2ψ (4) (τ ) + 4ψ (8) (τ ) ,
(2) (τ ) − 7ψ (7) (τ ) + 14ψ (14) (τ ) − 14η(τ )η(2τ )η(7τ )η(14τ ) In the remaining cases we have found -the formulae for F 2B and F 4A were already obtained in [7] • g = 2B, h = 2 F 2B (τ ) = −24ψ (2) (τ ) + 16ψ (4) (τ ) ∈ M 2 (Γ 0 (4)) (C.2) F 2B (τ ) 2 = −16E 4 (τ ) + 256E 4 (2τ ) ∈ M 4 (Γ 0 (2)) (C.3)
• g = 3B, h = 3 F 3B (τ ) = −6ψ (3) (τ ) + 9 2 ψ (9) (τ ) − 9 2 E
2 (τ ) ∈ M 2 (Γ 0 (9)) (C.4)
• g = 4A, h = 2
(2) (τ ) − 12ψ (4) (τ ) + 8ψ (8) (τ ) ∈ M 2 (Γ 0 (8)) (C.6) F 4A (τ ) 2 = −16E 4 (2τ ) + 256E 4 (4τ ) ∈ M 4 (Γ 0 (4)) (C.7)
• g = 4C, h = 4 F 4C (τ ) = 2ψ (4) (τ ) − 6ψ (8) (τ ) + 4ψ (16) (τ ) − 4E • g =10A, h = 2 
